We consider the Reinhardt domain
Introduction
Let be a bounded domain in C . The space 2 ( ) is denoted by the set of all holomorphic functions on satisfying
where is the volume measure on . For any ∈ , Φ : 2 ( ) → C defined by Φ ( ) = ( ) is a bounded linear functional on 2 ( ). By Riesz representation theorem, there exists the unique element (⋅) ∈ 2 ( ) such that Φ ( ) = ⟨ (⋅), (⋅)⟩; namely,
for all ∈ 2 ( ). Define the Bergman kernel function ( , ) fl ( ) for . It is defined for arbitrary bounded domains, but it is difficult to obtain the explicit form of the Bergman kernel for general bounded domains. Recently, the Bergman kernels for various domains have been computed explicitly in [1] [2] [3] [4] [5] [6] .
Over the last decade the Hartogs domain Ω fl {( , ) ∈ C × Ω : 2 < ( )}
was investigated, where is a suitably chosen continuous function on a bounded domain Ω. The Bergman kernel forΩ was obtained explicitly in [7] when Ω is an irreducible bounded symmetric domain. This result was generalized to the cases when Ω is the product of bounded symmetric domains in [8] and when Ω is a bounded homogeneous domain in [9] .
Also the problem of determining whether the Bergman kernels are zero-free has been a well-known open problem in several complex variables ever since Lu Qi-Keng raised the question related to the existence of Bergman representative coordinates. If the Bergman kernel ( , ) for a bounded domain is zero-free for all ( , ) ∈ × , then is called the Lu Qi-Keng domain. One can see many examples of Lu Qi-Keng domains and non-Lu Qi-Keng domains in [8] [9] [10] [11] [12] [13] .
If Ω is symmetric [8] or homogeneous [9] , then the main part of the Bergman kernel forΩ is the polynomial whose coefficients are written as the forms containing the Stirling number of the second kind. The Routh-Hurwitz theorem (see Lemma 11) gives the condition that a real polynomial has no zeros in the closed right half-plane, and using this criterion we have the algorithmic method of determining whether the Hartogs domainΩ is a Lu Qi-Keng domain or not. The existence of zeros of all Hartogs domainsΩ is classified in [8, 9] only when the dimension of the base domain Ω is low (less than 4). However it looks hard to study Lu Qi-Keng problem for all dimensions, since Routh-Hurwitz theorem involves too many terms when the order of the polynomial is large.
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From Theorem 2.5 in [8] , the Bergman kernel for can be obtained explicitly as the following.
Theorem 1. The Bergman kernel
for is written as
where
where ( , ) is the Stirling number of the second kind.
In Section 2, we prove Theorem 1 using the result in [8] and express ( , ℓ) in terms of the coefficients of a certain generating function (see Theorem 8) . We use the well-known formal series
for exponential generating function, where ( , ) is the Stirling number of the second kind. For the study of the existence of zeros of (( , ), ( , )), we need to definẽ( ) and ( ) bỹ
The zero set of the Bergman kernel (( , ), ( , )) with ( , ), ( , ) ∈ reduces to the zero set of the polynomial ( ) with Re < 0. Now we write In Section 3, we introduce the Routh-Hurwitz theorem that is efficient on checking whether the real polynomial ( ) has zeros in the right half plane. Using the generating form of coefficients of ( ) (see Proposition 12), we will show that if ≥ 3, then ( ) does not satisfy Routh-Hurwitz conditions, so we obtain the following main result of this paper.
Theorem 2. The Bergman kernel for
is zero-free if and only if ≤ 2.
For the proof of Theorem 2, we will show that if ≥ 3, then at least one of ( , ), ( , − 1), or ( , − 2) is negative (see Theorem 13) . In Section 4, we discuss the properties of ( , ℓ) and prove Theorem 13 using properties of the Bernoulli numbers and Genocchi numbers.
Remark 3. In Theorem 5.2(ii) and Theorem 5.3 of [8] , one can see that 2 has no zeros and 3 has zeros. The main contribution, Theorem 2 in this paper, is the complete classification of the answer to the Lu Qi-Keng problem for for all dimensions .
Explicit Form of the Bergman Kernel for
In [8] , we know the explicit form of the Bergman kernel for Cartan-Hartogs domainΩ in the case when
where Ω is the generic norm with respect to the bounded symmetric domain Ω . Using the numerical invariants , , with respect to the bounded symmetric domain, we define the Hua polynomial
where ( ) = ( +1)( +2) ⋅ ⋅ ⋅ ( + −1) for ≥ 1 and ( ) 0 = 1. Then for any > 0, we define ( , ) by
where fl + + ( −1) /2. We also define 1 ,..., satisfying
Theorem 4 (see [8] ). LetΩ fl {( , ) ∈ C × Ω : ‖ ‖ 2 < ( )}, where Ω and are defined as in (10) . Then the Bergman kernel forΩ is given bŷ
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For any ≥ , the number of the partitions of {1, 2, . . . , } into blocks is denoted by ( , ) and called the Stirling number of the second kind.
Lemma 5 (see [14] ). For any positive integer , it holds that
Proof of Theorem 1. For any 1 ≤ ℓ ≤ , let Ω = { ∈ C : | | < 1} be the unit disk and = 1 = ⋅ ⋅ ⋅ = = 1. ThenΩ = and
Since the Hua polynomial is ( ) = + 1, by (12) we have
so that ( , 0) = 0 and ( , 1) = 1. Thus the function ( ) in Theorem 4 is reduced to
Now we claim that 1,...,1 is equal to (−1) (13), we have
By Lemma 5, we have
Thus we obtain
If we compare (20) Then the polynomial ( ) can be written as
Note that
Thus we have ( , ℓ)
Note that ( , ) = 0 for > and ( 
Proof. Note that for any nonnegative integer ,
Thus
which completes the proof.
By Lemma 6, we have
Let [ ] be the operator which gives the th coefficient in the series expansion of a generating function. It is wellknown that the exponential generating function of ( , ) is the formal power series
Using the above generating function, we prove the following.
Theorem 8. Let ( ) be the polynomial defined as in (8) with
Then the coefficient ( , ℓ) is written as
where 0 ≤ ℓ ≤ .
Proof. By (27) and (32), the coefficient ( , ℓ) of ( ) can be expressed as
Note that, by (34), we have
which follows that
It completes the proof.
Lu Qi-Keng Domains
In this section we investigate the explicit form of ( , ℓ) and prove that the Bergman kernel for has zeros for any positive integer .
Note that if ( , ), ( , ) ∈ , then
Thus by Theorem 1 and (8), we obtain the following. Since the holomorphic function → 1/(1 − ) − 1/2 maps the unit disk onto the right half plane, we obtain the following consequence of Theorem 1 and Lemma 9.
Lemma 10. For any positive integers , the domain is a Lu Qi-Keng domain if and only if all zeros of the polynomial ( ) lie in the closed left half plane
The Routh-Hurwitz criterion is the most efficient method for determining whether the polynomial ( ) has zeros in the open left half plane. Let
with real coefficients and 0 > 0, and define Δ for = 1, . . . , by Δ fl 
Proposition 12. Let [ ] be the operator which gives the th coefficient in the series expansion of a generating function
.
Proof. Note that
By Theorem 8,
By Proposition 12, we have Proof. We will prove it in Section 4.
Remark 14. (i) Note that
has two negative real zeros. Thus, 2 is a Lu Qi-Keng domain.
(ii) In fact, we see that
has one positive real zero −1/8 + √ 33/24 > 0. Thus, we conclude that the Bergman kernel for 3 has zeros, so 3 is not a Lu Qi-Keng domain.
(iii) By using a computer program (Maple or Mathematica), we computed the explicit values of ( , ), ( , − 1), and ( , − 2) for 2 ≤ ≤ 14. One can check Theorem 13 holds for 3 ≤ ≤ 14 in Tables 1 and 2 . Now we can prove the main theorem of this paper using Theorem 13. Theorem 2 (again). The Bergman kernel for
Proof. (i) If = 4 − 1 or = 4 for ∈ N, then ( , ) < 0 by Theorem 13. So, the polynomial ( ) does not satisfy any condition in Lemma 11. It follows that is not a Lu Qi-Keng domain.
(ii) If = 4 + 1 for ∈ N, then ( , − 1) < 0 by Theorem 13. So, the polynomial ( ) does not satisfy conditions (iii) and (iv) in Lemma 11. It follows that is not a Lu Qi-Keng domain.
(iii) If = 4 + 1 for ∈ N, then ( , − 2) < 0 by Theorem 13. So, the polynomial ( ) does not satisfy conditions (i) and (ii) in Lemma 11. It follows that is not a Lu Qi-Keng domain.
By (i), (ii), and (iii), ( ) does not satisfy any condition of Routh-Hurwitz theorem, so the Bergman kernel for has zeros for all ≥ 3.
Proof of Theorem 13
In this section, we investigate the properties of ( , ), ( , − 1), and ( , −2) and prove Theorem 13. For convenience, we denote the functions , , , by
It is interesting that the numbers 's are related to the following Bernoulli numbers. Bernoulli [16] introduced Bernoulli numbers 2 for ≥ 1 satisfying the identity
where 2 = 1/6, 4 = 1/30, and 6 = 1/42, . . . . The Genocchi numbers 2 for ≥ 1 are defined [17] by
Lemma 15 (see [18] ). Let be any positive integer. Then (56)
Proof. By Lemma 15(ii), we have
It follows that 
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we obtain ( ) + ( ) = ( ) .
It follows that
Thus we obtain (ii). From the identity ( ) + (− ) = 1 − 3 ( ) + 3 ( ) ,
we have 2 2 = −3 2 + 3 2 . Since 2 = 0 for ≥ 1 in Lemma 16, we obtain (iii). From the identity ( ) + 2 ( ) = 2 ( ) ,
we obtain (iv). Similarly as the previous proofs, we can easily see that (v) comes from the identity ( ) − (− ) = −1 + 4 ( ) − 6 ( ) + 4 ( ) ,
and (vi) comes from the identity Proof.
(ii) Note that
